
Heorgij Sulym, Viktor Opanasovych, Ivan Zvizlo, Roman Seliverstov, Oksana Bilash                 DOI 10.2478/ama-2020-0003 
A Circular Inclusion and Two Radial Coaxial Cracks with Contacting Faces in a Piecewise Homogeneous Isotropic Plate under Bending 

16 

A CIRCULAR INCLUSION AND TWO RADIAL COAXIAL CRACKS WITH CONTACTING FACES  
IN A PIECEWISE HOMOGENEOUS ISOTROPIC PLATE UNDER BENDING 

Heorgij SULYM,* Viktor OPANASOVYCH,** Ivan ZVIZLO,** Roman SELIVERSTOV,*** Oksana BILASH**** 

*Faculty of Mechanical Engineering, Department of Mechanics and Applied Computer Science Application,  
Bialystok University of Technology, ul. Wiejska 45 C, 15-351 Bialystok, Poland 

**Faculty of Mechanics and Mathematics, Department of Mechanics,  
Ivan Franko National University of L’viv, Universytetska St. 1, L’viv, 79000, Ukraine 

***Faculty of Applied Mathematics and Informatics, Department of Programming,  
Ivan Franko National University of L’viv, Universytetska St. 1, L’viv, 79000, Ukraine 

****Faculty Training Specialists Battle (Operational) Software, Department of Engineering Mechanics,  
Hetman Petro Sahaidachnyi National Army Academy, Heroes of Maidan Street, 32, L’viv, Ukraine 

sulym@pb.edu.pl, viktor.opanasovych@lnu.edu.ua, zvizloivan@gmail.com, roman.seliverstov@lnu.edu.ua, oksana.opanasovych@gmail.com 

received 5 December 2019, revised 19 March 2020, accepted 23 March 2020 

Abstract: The bending problem of an infinite, piecewise homogeneous, isotropic plate with circular interfacial zone and two coaxial radial 
cracks is solved on the assumption of crack closure along a line on the plate surface. Using the theory of functions of a complex variable, 
complex potentials and a superposition of plane problem of the elasticity theory and plate bending problem, the solution is obtained in the 
form of a system of singular integral equations, which is numerically solved after reducing to a system of linear algebraic equations by the 
mechanical quadrature method. Numerical results are presented for the forces and moments intensity factors, contact forces between 
crack faces and critical load for various geometrical and mechanical task parameters. 
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1. INTRODUCTION 

Plate-shaped structural items are widely used in engineering. 
They may contain technological finite inclusions. There is also the 
possibility of cracking during operation. Cracks often greatly re-
duce plate’s performance characteristics and may cause the 
structural item to destroy. In the presence of bending defor-
mations, crack faces contact each other. It leads to significant 
redistribution of the stress-strain state near the crack tip (Shatsky, 
1988; Kwon, 1989; Young and Sun, 1992; Dempsey et al., 1998; 
Opanasovych et al., 2012; Sulym et al., 2018) compared to ne-
glecting the effect of crack closure. 

Stress-strain state of biomaterial cracked plates and cracked 
plates with holes and inclusions under tension or/and bending is 
investigated by a variety of approaches and models (Wang and 
Nasebe, 2000; Hsieh and Hwu, 2002; Nielsen et al., 2012; Bäcker 
et al., 2015; Maksymovych and Illiushyn, 2017; Shao-Tzu and Li, 
2017; Liu et al., 2018; Nguyen and Hwu, 2018; Sulym et al., 2018; 
Kuz’ et al., 2019; Shiah et al., 2019 etc.). 

Bending of a piecewise homogeneous, isotropic plate with a 
straight interfacial zone and a straight crack with contacting faces 
is investigated in Opanasovych and Slobodyan (2007). 

The aim of this research is to investigate biaxial bending of a 
piecewise homogeneous isotropic plate with circular interfacial 
zone and two radial coaxial cracks on the assumption of crack 
closure along a line on one of the plate surfaces. Using methods 
of theory of functions of a complex variable together with complex 

potentials of classical plate bending theory and plane problem of 
elasticity theory, the solution of this problem is reduced to simul-
taneous singular integral equations, which are numerically solved. 
The forces and moments intensity factors, the contact forces 
between faces of cracks and the limiting plate load are analysed. 
Their graphical dependencies on various task parameters are 
plotted. 

2. PROBLEM STATEMENT 

Consider an infinite, piecewise homogeneous, isotropic plate 
with circular rigid inclusion and two coaxial radial cracks, whose 

faces are free from external loading. Let 2h is the plate thickness, 

R is the radius of the inclusion, and 2lk is the length of the kth 
crack (k = 1, 2). The plate is under the action of uniformly dis-
tributed bending moments at infinity. Suppose the crack faces 
smoothly contact alone a line on the upper surface of the plate. 

The origin of the chosen Cartesian coordinate system Oxyz̃ is 

in the center of the circular rigid inclusion, the xy-plane coincides 
with the middle plane of the plate and the cracks are oriented 
along the x-axis. In the xy-plane, we introduce the polar coordi-

nates (r, θ) with pole O and polar axis Ox. The x-coordinates of 

crack centres are x1 = R + d1 > R + l1 and x2 = −R − d2 <
−R − l2 , where dk is a distance from the centre of the kth crack 

to the interfacial line. The x-coordinates of cracktips are ai and 

bi(i = 1, 2). In the middle plane S+(S1)and S−(S2) refer to the 
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areas inside and outside the inclusion, respectively, L1 denotes 

the union of straight line segments of two cracks, and L – the 
interfacial contour. Mx

∞ and My
∞ stand for distributed bending 

moments at infinity (Fig. 1). 

 
Fig. 1. Plate geometries and load scheme 

Due to crack closure, the solution is a superposition of the so-
lutions of two problems (Shatsky, 1988): the classical bending 
problem and the plane problem of elasticity theory under the 
following boundary conditions: 

𝜎𝑦𝑦
± = −

𝑁

2ℎ
, 𝜎𝑥𝑦

± = 𝑃𝑦
± = 0,  𝑀𝑦

± = 𝑀𝑦 = ℎ𝑁, 𝑥 ∈ 𝐿1,  (1) 

𝜕𝑥[𝑢𝑦] + ℎ[𝜕𝑥𝑦
2 𝑤2] = 0, 𝑥 ∈ 𝐿1,  (2) 

𝑃𝑟1 = 𝑃𝑟2, 𝑀𝑟1 = 𝑀𝑟2, (𝑟, 𝜃) ∈ 𝐿,  (3) 

𝑢𝑟1 = 𝑢𝑟2, 𝑢𝜃1 = 𝑢𝜃2, (𝑟, 𝜃) ∈ 𝐿,  (4) 

𝑤1 = 𝑤2, 𝜕𝑟𝑤1 = 𝜕𝑟𝑤2, (𝑟, 𝜃) ∈ 𝐿,  (5) 

where: 𝑁 – contact force between crack faces, 𝜎𝑥𝑦 and 𝜎𝑦𝑦 – 

stress tensor components,𝑢𝜃𝑗  and 𝑢𝑦 – displacement vector 

components of plane problem (here and further 𝑗 = 1, 2), 𝑤𝑗  – 

deflection of the plate, 𝑀𝑟𝑗  and 𝑀𝑦– bending moments, 𝑃𝑦 and 

𝑃𝑟𝑗– generalized Kirchhoff shear forces, [𝑓] = 𝑓+ − 𝑓− (super-

scripts ‘+’ і ‘–‘ stand for limits of function 𝑓 as a point of the middle 

plane approaches the cracks, 𝑦 → ±0), 𝜕𝑎 = 𝜕 𝜕𝑎⁄ . 

3. SOLUTION OF PLATE BENDING PROBLEM 

We introduce complex potentials (Prusov, 1975) for areas 𝑆𝑗  

and set them as follows: 

Φ3𝑗(𝑧) = Φ3
(𝑗)(𝑧) + Φ̃1(𝑧) + Γ̃, 

Ψ3𝑗(𝑧) = Ψ3
(𝑗)(𝑧) + Ψ̃1(𝑧) + Γ̃′, 

where: 𝑧 = 𝑥 + 𝑖𝑦, 𝑖 = √−1,Φ3
(𝑗)(𝑧) and Ψ3𝑗(𝑧) – holomor-

phic in 𝑆𝑗  functions, Φ̃1(𝑧) and Ψ̃1(𝑧) – vanished at infinity 

functions, which are holomorphic outside the cracks, Γ̃ =

−
𝑀𝑦
∞+𝑀𝑥

∞

4𝐷2(1+𝜈2)
, Γ̃′ =

𝑀𝑦
∞−𝑀𝑥

∞

2𝐷2(1−𝜈2)
, 𝐷𝑗 =

2𝑄𝑗

3(1−𝜈𝑗
2)

, 𝑄𝑗 = 𝐸𝑗ℎ
3, 𝐸𝑗  – 

elastic modulus, 𝜈𝑗  – Poisson’s ratio. 

Using the functions (Prusov, 1975) Ω̃1(𝑧) = −Φ̅̃1(𝑧) −

𝑧Φ̅̃1′(𝑧) − Ψ̅̃1(𝑧) and Φ3
(𝑗)(𝑧) = −Φ̅3

(𝑗)
(
𝑅2

𝑧
) +

𝑅2

𝑧
Φ̅3
(𝑗)
′ (
𝑅2

𝑧
) +

𝑅2

𝑧2
Ψ̅3
(𝑗)
(
𝑅2

𝑧
), in which 𝑧 ∈ 𝑆3−𝑗, we can ex-

press the basic formulas of the classical plate bending theory in 
the form: 

2Γ̃ −
𝑧̅

𝑧
Γ̃′ +Φ3

(𝑗)(𝑧) − 𝑓3
(𝑗)(𝑧) + Φ̃1(𝑧) + 𝑓1(𝑧) = 𝑔̃𝑗 , (6) 

(𝜅̃𝑗 − 1)Γ̃ +
𝑧̅

𝑧
Γ̃′ + 𝜅̃𝑗Φ3

(𝑗)(𝑧) + 𝑓3
(𝑗)(𝑧) + 𝜅̃𝑗Φ̃1(𝑧) −

𝑓1(𝑧) = 𝑓𝑗, (7) 

(𝜅̃2 − 1)Γ̃ − Γ̃
′ + 𝜅̃2Φ̃1(𝑧) + 𝑓2(𝑧) + 𝜅̃2Φ3

(2)(𝑧) −

𝑔3
(2)(𝑧) = 𝑓2, (8) 

2Γ̃ + Γ̃′ + Φ̃1(𝑧) − 𝑓2(𝑧) + Φ3
(𝑗)(𝑧) − 𝑔3

(2)(𝑧) = 𝜕𝑥𝑔, (9) 

where: 

𝑓1(𝑧) = (1 +
𝑧̅

𝑧
) Φ̃1(𝑧) +

𝑧̅

𝑧
𝑓2(𝑧),  

𝑓2(𝑧) = Ω̃1(𝑧̅) − (𝑧 − 𝑧̅)Φ̃1
′ (𝑧)̅̅ ̅̅ ̅̅ ̅̅ , 

𝑓3
(𝑗)(𝑧) =

𝑅2

𝑟2
Φ3
(𝑗)
(
𝑅2

𝑧̅
) − (1 −

𝑅2

𝑟2
) {Φ3

(𝑗)(𝑧)
̅̅ ̅̅ ̅̅ ̅̅ ̅

− 𝑧̅Φ3
(𝑗)
′ (𝑧)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
}, 

𝑔3
(2)(𝑧) = (1 +

𝑅2

𝑧̅2
)Φ3

(2)(𝑧)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅

+ 𝑧Φ3
(2)′(𝑧)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅
−

𝑅2

𝑧̅2
{Φ3

(2) (
𝑅2

𝑧̅
) −

𝑧̅Φ3
(2)′(𝑧)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅
}, 𝑧 = 𝑟𝑒𝑖𝜃 , 𝜅̃𝑗 = (3 + 𝜈𝑗) (1 − 𝜈𝑗),⁄  

𝑔 = 𝜕𝑥𝑤2 + 𝑖𝜕𝑦𝑤2, 

𝑔̃𝑗 = −
𝑖

𝑧
𝜕𝜃 ((𝜕𝑟𝑤𝑗 +

𝑖

𝑟
𝜕𝜃𝑤𝑗) 𝑒

𝑖𝜃), 

𝑓𝑗 = 2𝜇̃𝑗{−𝑀𝑟 − 𝑖𝑐𝑗
′ − 𝑖𝐻𝑟𝜃 − 𝑖 ∫ 𝑁𝑟(𝜏)𝑑𝜏

𝑠

0
}, 

𝑓2 = −2𝜇̃2 {𝑀𝑦 + 𝑖𝑐̃
′ + 𝑖𝐻𝑥𝑦 + 𝑖 ∫ 𝑁𝑦(𝜏)𝑑𝜏

𝜏

−𝑙𝑗
}, 

𝜇̃𝑗 = 1 (2𝐷𝑗(1 − 𝜈𝑗))⁄ , 𝑐𝑗
′ and 𝑐̃′– real constants. 

If the expansions of function Φ3
(1)(𝑧) and its analytic continu-

ation in a series Φ3
(𝑗)(𝑧) = 𝐴̃0

′ + 𝐴̃1
′ 𝑧+. . . (𝑧 → 0) and 

Φ3
(1)(𝑧) = 𝐵̃0

′ + 𝐵̃1
′𝑧−1+. . . (𝑧 → ∞) are valid, the conditions 

(Prusov, 1975) 𝐵̃1
′ = 0 and 𝐵̃0

′ = −𝐴̃0 
′̅̅ ̅̅ are fulfilled too. 

On account of boundary value problem (1)–(2) and formula 
(8), we obtain a linear conjugation problem: 

(𝜅̃2Φ̃1(𝑡) − Ω̃1(𝑡))
+

− (𝜅̃2Φ̃1(𝑡) − Ω̃1(𝑡))
−

= 0, 𝑡 ∈ 𝐿1 

whose solution is: 

Ω̃1(𝑧) = 𝜅̃2Φ̃1(𝑧).   (10) 

On the basis of (9), taking into account representation (10) 
and boundary conditions (1)–(2), we form the following linear 
conjugation problem: 

Φ̃1
+(𝑡) − Φ̃1

−(𝑡) = 𝑄1(𝑡), 𝑡 ∈ 𝐿1. 

The solution of this problem is: 

Φ̃1(𝑧) =
1

2𝜋𝑖
∫

𝑄1(𝑡)

𝑡−𝑧
𝑑𝑡

𝐿1
, 

where 𝑄1(𝑡) = 𝜕𝑥[𝜕𝑥𝑤2 + 𝑖𝜕𝑦𝑤2] (1 + 𝜅̃2)⁄ . 

From the boundary conditions (5) and formula (6). we obtain 
one more linear conjugation problem: 
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(Φ3
(1)(𝑡) + Φ3

(2)(𝑡))
+

− (Φ3
(1)(𝑡) + Φ3

(2)(𝑡))
−

= 0, 𝑡 ∈ 𝐿 

with the solution: 

Φ3
(1)(𝑧) + Φ3

(2)(𝑧) = −𝐴̃0
′̅̅ ̅.   (11) 

Introducing a function: 

Φ̃(𝑧) = {

𝑖𝑐 − (𝐴𝐴3 + 𝐴𝐴4)Γ̃ + 𝐹̃1(𝑧) + 𝐹3
(1)(𝑧),

 𝑧 ∈ 𝑆+,

−𝐴𝐴4
𝑅2

𝑧2
Γ̃′ + 𝐹̃2(𝑧) + 𝐹3

(2)(𝑧), 𝑧 ∈ 𝑆−,

 (12) 

where: 𝐹̃1(𝑧) = −𝐴𝐴3Φ̃1(𝑧), 𝐹3
(𝑗)(𝑧) = 𝜇̃3−𝑗𝜅̃𝑗Φ3

(𝑗)(𝑧) −

𝜇̃𝑗Φ3
(3−𝑗)(𝑧), 𝐹̃2(𝑧) = 𝐴𝐴4 {(1 +

𝑅2

𝑧2
) Φ̅̃1 (

𝑅2

𝑧
) +

𝑅2

𝑧
{𝜅̃2Φ̃1 (

𝑅2

𝑧
)− (𝑧 −

𝑅2

𝑧
) Φ̅̃1

′ (
𝑅2

𝑧
)}}, 𝑐 = 2𝜇̃1𝜇̃2(𝑐1

′ − 𝑐2
′ ), 

𝑔̃ = − 𝐴̃1 𝐴̃2⁄ , 𝐴̃𝑗 = 𝜇̃𝑗 + 𝜇̃3−𝑗𝜅̃𝑗, 𝐴𝐴3 = 𝜇̃1𝜅̃2 − 𝜇̃2𝜅̃1, 

𝐴𝐴4 = 𝜇̃2 − 𝜇̃1, with respect to the boundary conditions (3) and 

formula (7), we make sure it is a solution of the linear conjugation 

problem Φ̃+(𝑡) − Φ̃−(𝑡) = 0 (𝑡 ∈ 𝐿), which can be written as 

Φ̃(𝑧) = 𝐵̃ + 𝜇̃2𝐴̃0
′̅̅ ̅, (13) 

where: 𝐵̃ = 𝑖𝐴𝐴4𝐵1̅̅ ̅, 𝐵1 =
1

2𝜋
∫ 𝑡−1𝑄1(𝑡)𝑑𝑡𝐿1

. 

On the basis of (11) and (12) with respect to (13), we obtain: 

Φ3
(1)(𝑧) = −Φ3

(2)(𝑧) − 𝐴̃0
′̅̅ ̅, 𝑧 ∈ 𝑆𝑗 , 

Φ3
(2)(𝑧) =

{
 
 

 
 
1

𝐴1
{𝐹̃1(𝑧) + 𝑖𝑐 − 𝐵̃} − (

𝐴3

𝑔̃
+ 𝐴̃4) Γ̃ −

𝐴̃5𝐴̃0
′̅̅ ̅, 𝑧 ∈ 𝑆+,

1

𝐴2
{𝐵̃ − 𝐹2(𝑧)} − 𝑔̃𝐴̃4

𝑅2

𝑧2
Γ̃′, 𝑧 ∈ 𝑆−,

 (14) 

where: 𝐴̃4 = 𝐴𝐴4 𝐴̃1⁄ , 𝐴̃3 = 𝐴𝐴3 𝐴̃2⁄ , 𝐴̃5 = 𝜇̃2(1 + 𝜅̃1) 𝐴̃1⁄ . 

Since Φ3
(1)(0) = 𝐴̃0

′ , in view of (14), we can write: 

Re𝐴̃0
′ =

𝐴̃12

1 − 𝐴̃4
(Γ̃ + Im 𝐵1),

𝑐

𝐴̃1
+ 𝐴̃5Im 𝐴̃0

′ = 𝑎̃Re𝐵1, 

where: 𝐴̃12 = 𝐴̃4 − 𝐴̃3 𝑔̃⁄ , 𝑎̃ = 𝐴̃3 𝑔̃⁄ + 𝐴̃4. 
From the boundary conditions (1)–(2) and formula (8), we fi-

nally obtain the following integral equations: 

∑ ∫ {𝑌𝑘1[𝐾𝑚𝑘(𝜂, 𝜉) + 𝐿𝑚𝑘(𝜂, 𝜉)]}𝑑𝜂 = 𝑐̃𝑚
′1

−1
2
𝑘=1 , (15) 

∑ ∫ {𝑌𝑘2𝑁𝑚𝑘(𝜂, 𝜉)}𝑑𝜂 = 𝑚̃ℎ𝑁𝑚(𝜉) 𝑀𝑦
∞ + 𝑃𝑚(𝜉)⁄

1

−1
2
𝑘=1 , (16) 

where: 

𝑌𝑘(𝑡) = 𝑄1𝑄2(𝑙𝑘𝑡 + 𝑥_𝑘) 𝑀𝑦
∞ =⁄ 𝑌𝑘1(𝑡) + 𝑌𝑘2(𝑡), 

𝑚̃ = −1 (𝐷̃2(1 − 𝜈2))⁄ , 𝐷̃2 = 2 (3 (1 − 𝜈2
2))⁄ , 

𝑃𝑚(𝜉) = −𝑚̃ +
𝑔̃𝐴4𝐵

𝑋𝑚
2 (𝜅̃2 + 1 −

3

𝑋𝑚
2 ) −

2𝐴𝐴12

𝑋𝑚
2 (1−𝐴4)

, 

𝐴 = − (𝜌 + 1) (4𝐷̃2(1 + 𝜈2))⁄ , 𝐵 = − 𝑚̃(1 − 𝜌) 2⁄ , 

𝐾𝑚𝑘(𝜂, 𝜉) = −
1

𝜋
{𝛾̃2𝜆̃𝑘𝐾𝑚𝑘(𝜂, 𝜉) +

𝜆𝑘

2
{
𝑔̃𝐴4

𝑇𝑘
(1 +

1

𝑋𝑚
2 ) +

1

2𝑋𝑚
2 (𝑎̃ −

𝐴5𝐴12

𝐴4−1
) + 𝑄𝑘𝑚 [𝑔̃𝐴̃4 (

𝛾̃2
2

𝑋𝑚
− 𝑋𝑚 −

3

𝑋𝑚
3 ) −

𝐴3

𝑔̃𝑋𝑚
] +

𝑔̃𝐴̃4𝑄𝑘𝑚
2 (𝑋𝑚 +

4

𝑋𝑚
−

5

𝑋𝑚
3 ) −

2𝑔̃𝐴4

𝑋𝑚
(𝑋𝑚 −

1

𝑋𝑚
)
2

𝑄𝑘𝑚
3 }}, 

𝐾̃𝑚𝑘(𝜂, 𝜉) = (𝑇𝑘 − 𝑋𝑚)
−1, 𝛾̃1 = 1 + 𝜉1, 𝛾̃2 = −1 − 𝜉2, 

𝑇𝑘 = 𝑋̃𝑘 + 𝜆̃𝑘𝜂, 𝑋𝑚 = 𝑋̃𝑚 + 𝜆̃𝑚𝜉, 𝜆̃𝑘 = 𝑙𝑘 𝑅⁄ , 𝜉𝑘 = 𝑑𝑘 𝑅⁄ , 

𝜌 = 𝑀𝑥
∞ 𝑀𝑦

∞⁄ , 𝑁𝑚𝑘(𝜂, 𝜉) = 𝐿𝑚𝑘(𝜂, 𝜉) − 𝐾𝑚𝑘(𝜂, 𝜉), 

𝐿𝑚𝑘(𝜂, 𝜉) = −
𝜆𝑘

2𝜋
{
1

𝑇𝑘
(𝜅̃2𝑔̃𝐴̃4 −

1

𝑋𝑚
2 (𝐴̃4 −

𝑎̃

2
−

𝐴5𝐴12

2(𝐴4−1)
)) +

𝜅̃2𝑔̃𝐴̃4𝑄𝑘𝑚 [
3

𝑋𝑚
3 − 𝑋𝑚 −

2

𝑋𝑚
+ 𝑄𝑘𝑚 (𝑋𝑚 −

2

𝑋𝑚
+

1

𝑋𝑚
3 )]}, 

𝑌𝑘1(𝑡), 𝑌𝑘2(𝑡)– real functions, 𝑄𝑘𝑚 = 1 (𝑇𝑘𝑋𝑚 − 1)⁄ . 

Equations (15) and (16) must be solved under the additional 
conditions: 

∫ 𝑌𝑘(𝜂)𝑑𝜂 = ∫ 𝜂𝑌𝑘1(𝜂)𝑑𝜂 = 0
1

−1

1

−1
, 𝑘 = 1, 2, (17) 

which assume that rotational displacements and deflection of the 
plate have to be single-valued when bypassing the contours of 
cracks. 

Note that if the crack closure is neglected, the system of sin-
gular integral equations (15)–(17) takes 𝑁𝑚(𝜉) = 0. 

4. SOLUTION OF PLANE PROBLEM 

We introduce Kolosov–Muskhelishvili complex potentials 
(Muskhelishvili, 1966) for areas 𝑆𝑗  and represent them in the form: 

Φ𝑃𝑗(𝑧) = Φ𝑃
(𝑗)(𝑧) + Φ1(𝑧), Ψ𝑃𝑗(𝑧) = Ψ𝑃

(𝑗)(𝑧) + Ψ1(𝑧),  

where: Φ1(𝑧), Ψ1(𝑧) – vanished at infinity functions, which are 

holomorphic outside the cracks;Φ𝑃
(𝑗)(𝑧), Ψ𝑃

(𝑗)(𝑧) – holomorphic 

functions in 𝑆𝑗 . Moreover, at large |𝑧|Φ𝑃
(2)(𝑧) = 𝑂(1 𝑧2⁄ ) and 

Ψ𝑃
(2)(𝑧) = 𝑂(1 𝑧2⁄ ). 

Similar as the previous chapter, we also introduce the follow-
ing functions (Prusov, 1962): 

Φ𝑃
(𝑗)(𝑧) = −Φ̅𝑃

(𝑗)
(
𝑅2

𝑧
) +

𝑅2

𝑧
Φ̅𝑃
(𝑗)′

(
𝑅2

𝑧
) +

𝑅2

𝑧2
Ψ̅𝑃
(𝑗)
(
𝑅2

𝑧
) 

Ω̃1(𝑧) = −Φ̅̃1(𝑧) − 𝑧Φ̅̃1
′ (z) − Ψ̅̃1(𝑧), 𝑧 ∈ 𝑆3−𝑗 . 

Then a stress-strain state of the plate is given by the equa-
tions: 

𝜎𝑟𝑟 + 𝑖𝜎𝑟𝜃 = Φ𝑃
(𝑗)(𝑧) − 𝑓𝑃

(𝑗)(𝑧) + 𝑓1(𝑧), (18) 

2𝜇𝑗𝜕𝜃(𝑢𝑥 + 𝑖𝑣𝑦) = 𝑖𝑧 [𝜅𝑗Φ𝑃𝑗(𝑧) + 𝑓𝑃
(𝑗)(𝑧) − 𝑓1(𝑧)], (19) 

𝜎𝑦𝑦 − 𝑖𝜎𝑥𝑦 = Φ𝑃𝑗(𝑧) + 𝑓2(𝑧) + 𝑔𝑃
(2)(𝑧), (20) 

2𝜇2𝜕𝑥(𝑢𝑥 + 𝑖𝑣𝑦) = 𝜅2Φ𝑃𝑗(𝑧) − 𝑓2(𝑧) − 𝑔𝑃
(2)(𝑧), (21) 

where: 𝜅𝑗 = (3 − 𝜈𝑗) (1 + 𝜈𝑗)⁄ , 𝜇𝑗 = 𝐸𝑗 (2(1 + 𝜈𝑗)) ⁄ – 
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shear modulus, 𝑓1(𝑧) = (1 + 𝑧̅ 𝑧⁄ )Φ1(𝑧) − 𝑧̅ 𝑧⁄ 𝑓2(𝑧), 

𝑓2(𝑧) = Ω1(𝑧̅) + (𝑧 − 𝑧̅)Φ1
′ (𝑧)̅̅ ̅̅ ̅̅ ̅̅ , functions 𝑓𝑃

(𝑗)(𝑧) and 

𝑔𝑃
(2)(𝑧) can be obtained from expressions for 𝑓3

(𝑗)(𝑧) and 

𝑔3
(2)(𝑧) from (7), (9) by replacing index ‘3’ by ‘P’. 

Formulas (6)–(9) in the bending problem and corresponding 
dependencies (18)–(21) in plane problem have the same struc-
ture. The boundary conditions (1)–(5) are also similar for both 
problems. Hence, by using the approach from the previous chap-
ter, we find: 

Φ1(𝑧) = Ω1(z) =
1

2𝜋𝑖
∫

𝑔′(𝑡)

𝑡−𝑧
𝑑𝑡

𝐿1
, 

Φ𝑃
(1)(𝑧) = −Φ𝑃

(2)(𝑧) − 𝐴0
′̅̅ ̅, 𝑧 ∈ 𝑆𝑗 , 

Φ𝑃
(2)(𝑧) = {

(𝐹1(𝑧) − 𝐵) 𝐴1⁄ − 𝐴5𝐴0
′̅̅ ̅, 𝑧 ∈ 𝑆+,

(𝐵 − 𝐹2(𝑧)) 𝐴2⁄ , 𝑧 ∈ 𝑆−,
 

where: 𝑔′(𝑥) =
2𝜇2

1+𝜅2
𝜕𝑥[𝑢𝑥 + 𝑖𝑢𝑦],𝐴5 =

𝜇2

𝐴1
(1 + 𝜅1), 

𝐴0
′ =

𝐵5

2𝜋𝑖
∫

1

𝑡
[(𝐴4

2 −
𝐴3

𝑔
)𝑔′(𝑡) + 𝐴4 (

𝐴3

𝑔
− 1)𝑔′(𝑡)̅̅ ̅̅ ̅̅ ̅] 𝑑𝑡

𝐿1
, 

𝐵5 = (1 − 𝐴4
2)−1, expressions for 𝐵, 𝐹1(𝑧), 𝐹2(𝑧), 𝐴𝐴3̃ , 𝐴𝐴4̃ , 

𝑔, 𝐴𝑛(𝑛 = 1, 4) are obtained from the corresponding expres-

sions for 𝐵̃, 𝐹̃1(𝑧), 𝐹̃2(𝑧), 𝐴𝐴3, 𝐴𝐴4, 𝑔̃, 𝐴̃𝑛(𝑛 = 1, 4) by the 

substitution 𝑄1(𝑡) → 𝑔′(𝑡), Φ̃1(𝑧) → Φ1(𝑧), 𝜇̃𝑘 → 𝜇𝑘, 

𝜅̃𝑘 → 𝜅𝑘, 𝐴̃𝑘 → 𝐴𝑘 (𝑘 = 1, 2). 
In view of the boundary conditions (1)–(2), an unknown de-

rivative of displacement jump across the crack faces 𝑔′(𝑥) is 
obtained by solving the integral equations: 

∑ ∫ 𝐺𝑘2(𝜂)[𝑅𝑚𝑘(𝜂, 𝜀) − 𝑆𝑚𝑘(𝜂, 𝜀)]𝑑𝜂 =
1

−1
02

𝑘=1 , (22) 

∑ ∫ 𝐺𝑘1(𝜂)𝑀𝑚𝑘(𝜂, 𝜀)𝑑𝜂 =
1

−1
−2

𝑘=1 𝜋ℎ𝑁𝑚(𝜀) (2𝑀𝑦
∞)⁄ , (23) 

at |𝜀| < 1, 𝑚 = 1, 2 and satisfying that displacements have to 
be single-valued when bypassing the contour of each crack: 

∫ 𝐺𝑘(𝜂)𝑑𝜂 =
1

−1
0, 𝑘 = 1, 2. (24) 

Formulas (20)–(22) have the following notations: 

𝑅𝑚𝑘(𝜂, 𝜀) = 𝜆𝑘 {𝐾𝑚𝑘(𝜂, 𝜀) −
𝐴4𝑔𝑄𝑘𝑚

2𝑋̃𝑚
{
1

𝑋𝑚
− (

1

𝑋𝑚
2 +

1) [𝑋𝑚 +
1

𝑋𝑚
− 𝑋̃𝑚𝑄𝑘𝑚] + 2𝑋̃𝑚 [

2𝑄𝑘𝑚

𝑋𝑚
2 +

1

𝑋𝑚
2 −

𝑋̃𝑚𝑄𝑘𝑚
2

𝑋𝑚
]}}, 

𝑀𝑚𝑘(𝜂, 𝜀) = 𝑅𝑚𝑘(𝜂, 𝜀) + 𝑆𝑚𝑘(𝜂, 𝜀), 𝑋̃𝑚 = 𝑋𝑚 − 1 𝑋𝑚⁄ , 

𝑆𝑚𝑘(𝜂, 𝜀) = −
𝜆𝑘

2
{
1

𝑇𝑘
(
𝐵9

𝑋𝑚
2 + 𝑔𝐴4) − 𝑔𝐴4𝑄𝑘𝑚 [𝑋𝑚 −

1

𝑋𝑚
3 −

𝑋̃𝑚𝑄𝑘𝑚 +
𝑄𝑘𝑚+2

𝑋𝑚
2 ]}, 𝐺𝑘(𝜂) =

ℎ2

𝑀𝑦
∞ 𝑔

′(𝑙𝜂) = 𝐺𝑘1(𝜂) +

𝑖𝐺𝑘2(𝜂), 𝐵8 = 𝐴5𝐵5 (
𝐴3

𝑔
− 1), 𝐵9 = 𝐴4 + 𝐴5𝐵5 (𝐴4

2 −
𝐴3

𝑔
). 

5. SUPERPOSITION OF SOLUTIONS 

By substituting 𝑁𝑚𝑘(𝜀), which is obtained from (23) into (16), 
we get: 

∑ ∫ {𝑌𝑘2𝑁𝑚𝑘(𝜂, 𝜀) +
1

−1
2
𝑘=1

𝛽1𝐺𝑘1(𝜂)𝑀𝑚𝑘(𝜂, 𝜀)}𝑑𝜂 =𝑃𝑚(𝜀), |𝜀| < 1,𝑚 = 1, 2,  (25) 

where 𝛽1 = 2𝑚̃ 𝜋⁄ . 

Satisfying the boundary condition (2) leads to: 

𝑌𝑘2(𝜂) = 𝛽𝐺𝑘1(𝜂), (26) 

where: 𝛽 = −(1 + 𝜅2)(1 + 𝜈2) (1 + 𝜅̃2)⁄ . 
Based on the analysis of system of equations (15), (17), (22)–

(24), (25) and (26) we conclude that 𝑐𝑘
′ = 0, 𝐺𝑘2(𝜂) =

𝑌𝑘1(𝜂) = 0 (𝑘 = 1, 2), that is, the solution of the problem is 
reduced to a system of singular integral equations, which consists 
of the following equation: 

∑ ∫ {𝛽𝑁𝑚𝑘(𝜂, 𝜀) +
1

−1
2
𝑘=1

𝛽1𝑀𝑚𝑘(𝜂, 𝜀)}𝐺𝑘1(𝜂)𝑑𝜂 =𝑃𝑚(𝜀), |𝜀| < 1,𝑚 = 1, 2,  (27) 

and equation (24). 

Note that at 𝐸1 = 0, this system turns into the system of inte-
gral equations from the research by Opanasovych and Slobodyan 
(2007). 

6. NUMERICAL ANALYSIS 

By using the mechanical quadrature method (Panasyuk et al., 
1976), the system of singular integral equations (27), (24) is re-
duced to the following system of linear algebraic equations: 

𝜋

𝑀
∑ ∑ 𝑌𝑘𝑚[𝛽𝑁𝑚𝑘(𝜂𝑚, 𝜀𝑟) + 𝛽1𝑀𝑚𝑘(𝜂𝑚, 𝜀𝑟)]𝑑𝜂

𝑀
𝑚=1

2
𝑘=1 =

𝑃𝑚(𝜀𝑟),𝑚 = 1, 2, 𝑟 = 1,𝑀 − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 

∑ 𝑌𝑘𝑚(𝜂) = 0
𝑀
𝑚=1 , 𝑘 = 1, 2, 

where 𝑌𝑘𝑚 = √1 − 𝜇2𝐺𝑘1(𝜂𝑚), 𝜂𝑚 = cos
(2𝑚−1)𝜋

2𝑀
, 𝜀𝑟 =

cos
𝜋𝑟

𝑀
. 

The crack-tip stress distribution is given in research by 
Panasyuk et al. (1976). Formulas for the reduced moments inten-
sity factors are: 

𝐾𝑀
∗± =

𝐾𝑀
±

𝑀𝑦
∞√𝑙

=

∓
2

𝛽2(1−𝜈2)𝑀
∑ (−1)𝑚+1+

(𝑀−1)

2
(1∓1)𝑌𝑘𝑚 cot

∓1 (2𝑚−1)𝜋

4𝑀

𝑀
𝑚=1 , 

Where: 𝐾𝑀
± are the bending moment intensity factors (twisting 

moment intensity factors are equal to 0); 

𝛽2 = 3 (1 + 𝜈2) (3 + 𝜈2)⁄ , ‘+’ and ‘–’ correspond to tips 𝑏𝑖 and 
𝑎𝑖(𝑖 = 1, 2), respectively. 

Note that reduced forces intensity factors 𝐾𝑁
∗± =

ℎ𝐾𝑁
±

𝑀𝑦
∞√𝑙

 are 

related to 𝐾𝑀
∗± as 𝐾𝑁

∗± = 𝛽2𝐾𝑀
∗±, where 𝐾𝑁

± are the forces in-
tensity factors. 

The critical value of the moment at which the plate collapses 
is calculated by the formula (Osadchuk, 1985): 

𝑀̃± =
𝑀𝑦
∞

2ℎ
√

𝜋𝑙

2𝛾∗𝐸2
= (𝐾𝑀

∗±√𝛽2
2 + 𝛽2)

−1

, 

where: 𝛾∗ is the density of an active surface energy of the plate 
material. 

Numerical analysis is carried out at 𝜈1 = 𝜈2 = 0.3 and 
𝑙1 = 𝑙2 = 𝑙. The values of 𝑛̃ = 𝐸1 𝐸2⁄  are 0.1, 0.5, 1, 2, 10, 
0.001, 1000 for lines labelled by 1, 2, 3, 4, 5, 6, and 7, respective-
ly. In Figures 3 and 4, dashed lines correspond to the case when 
crack closure is neglected. 

Fig. 2 illustrates the graphical dependence of the reduced 

contact force 𝑁∗ = ℎ𝑁 𝑀𝑦
∞⁄  between crack faces on the dimen-
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sionless coordinate 𝜉 = 𝑥1 𝑙⁄  at 𝑑1 = 𝑑2 = 𝑑, 𝜀 = 𝑑 𝑅⁄ = 1, 

𝜆 = 𝑙 𝑅⁄ = 0.8 and 𝑀𝑥
∞ 𝑀𝑦

∞⁄ = 1. 

Graphical dependencies of the reduced moment intensity fac-
tor 𝐾𝑀

∗  on 𝜀 = 𝑑 𝑅⁄  for tips 𝑎 and 𝑏 at 𝑑1 = 𝑑2 = 𝑑, 𝜆 =
𝑙 𝑅⁄ = 0.8 and 𝑀𝑥

∞ 𝑀𝑦
∞⁄ = 0.5 are shown in Fig. 3. 

Fig. 4 presents the graphical dependence of the reduced criti-

cal moment 𝑀̃ on the relative distance from the second crack to 
the interface 𝜀2 = 𝑑2 𝑅⁄  at 𝜆 = 𝑙 𝑅⁄ = 0.7, 𝜀1 = 𝑑1 𝑅⁄ = 1 

and 𝑀𝑥
∞ 𝑀𝑦

∞⁄ = 1. 

 
Fig. 2. Dependence of the reduced contact force on the distance between 

interface and cracks 

 
Fig. 3. Dependences of the reduced moment intensity factor on 𝜀 =

𝑑 𝑅⁄  in tip 𝑎 (𝐾𝑎
∗) and 𝑏 (𝐾𝑏

∗) 

 
Fig. 4. Dependence of the reduced critical moment on the relative dis-

tance between second crack and interfacial line 

7. CONCLUSIONS 

The obtained dependencies show that if the inclusion is more 
rigid than the plate, the values of reduced contact force, intensity 
factors and critical moment are smaller than the corresponding 
values in case of a homogeneous plate. The situation is reversed 
for the pliable (in comparison with the plate) inclusion. The highest 
values are reached for the hole, the minimal ones – for the rigid 
plate. 

Taking into account the contact of the crack faces leads to a 
decrease in the coefficients of the moment intensity and an in-
crease in the ultimate load compared to the case when the con-
tact of the crack faces is not taken into account. Crack closure 
consideration leads to decreasing of the moment intensity factors 
and to increasing of limit load. 
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