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Abstract: The bending problem of an infinite, piecewise homogeneous, isotropic plate with circular interfacial zone and two coaxial radial
cracks is solved on the assumption of crack closure along a line on the plate surface. Using the theory of functions of a complex variable,
complex potentials and a superposition of plane problem of the elasticity theory and plate bending problem, the solution is obtained in the
form of a system of singular integral equations, which is numerically solved after reducing to a system of linear algebraic equations by the
mechanical quadrature method. Numerical results are presented for the forces and moments intensity factors, contact forces between
crack faces and critical load for various geometrical and mechanical task parameters.
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1. INTRODUCTION

Plate-shaped structural items are widely used in engineering.
They may contain technological finite inclusions. There is also the
possibility of cracking during operation. Cracks often greatly re-
duce plate’s performance characteristics and may cause the
structural item to destroy. In the presence of bending defor-
mations, crack faces contact each other. It leads to significant
redistribution of the stress-strain state near the crack tip (Shatsky,
1988; Kwon, 1989; Young and Sun, 1992; Dempsey et al., 1998;
Opanasovych et al., 2012; Sulym et al., 2018) compared to ne-
glecting the effect of crack closure.

Stress-strain state of biomaterial cracked plates and cracked
plates with holes and inclusions under tension or/and bending is
investigated by a variety of approaches and models (Wang and
Nasebe, 2000; Hsieh and Hwu, 2002; Nielsen et al., 2012; Backer
et al., 2015; Maksymovych and llliushyn, 2017; Shao-Tzu and Li,
2017; Liu et al., 2018; Nguyen and Hwu, 2018; Sulym et al., 2018;
Kuz' et al., 2019; Shiah et al., 2019 etc.).

Bending of a piecewise homogeneous, isotropic plate with a
straight interfacial zone and a straight crack with contacting faces
is investigated in Opanasovych and Slobodyan (2007).

The aim of this research is to investigate biaxial bending of a
piecewise homogeneous isotropic plate with circular interfacial
zone and two radial coaxial cracks on the assumption of crack
closure along a line on one of the plate surfaces. Using methods
of theory of functions of a complex variable together with complex
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potentials of classical plate bending theory and plane problem of
elasticity theory, the solution of this problem is reduced to simul-
taneous singular integral equations, which are numerically solved.
The forces and moments intensity factors, the contact forces
between faces of cracks and the limiting plate load are analysed.
Their graphical dependencies on various task parameters are
plotted.

2. PROBLEM STATEMENT

Consider an infinite, piecewise homogeneous, isotropic plate
with circular rigid inclusion and two coaxial radial cracks, whose
faces are free from external loading. Let 2h is the plate thickness,
R is the radius of the inclusion, and 2I; is the length of the ki
crack (k = 1, 2). The plate is under the action of uniformly dis-
tributed bending moments at infinity. Suppose the crack faces
smoothly contact alone a line on the upper surface of the plate.

The origin of the chosen Cartesian coordinate system OxyZ is
in the center of the circular rigid inclusion, the xy-plane coincides
with the middle plane of the plate and the cracks are oriented
along the x-axis. In the xy-plane, we introduce the polar coordi-
nates (r, ©) with pole O and polar axis Ox. The x-coordinates of
crack centresarex; = R+d; >R+1;andx, = —-R —-d, <
—R —1,, where dy is a distance from the centre of the ki crack
to the interfacial line. The x-coordinates of cracktips are a; and
b;(i = 1, 2). In the middle plane S*(S;)and S™(S,) refer to the
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areas inside and outside the inclusion, respectively, L, denotes
the union of straight line segments of two cracks, and L - the
interfacial contour. Mg and My stand for distributed bending

moments at infinity (Fig. 1).
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Fig. 1. Plate geometries and load scheme

Due to crack closure, the solution is a superposition of the so-
lutions of two problems (Shatsky, 1988): the classical bending
problem and the plane problem of elasticity theory under the
following boundary conditions:

Ofy = =205 =PBF =0, My =M, =hN,x € L;, (1)
0x[uy] + h[0Zw,] = 0,x € Ly, 2)
P,y =P, My =M, (r,0)€L, (3)
Uy = Upy, Ugy = Ugy, (1,0) EL, (4)
wy = wy,, 0wy = d,.w,, (1,0) €L, (5)

where: N - contact force between crack faces, oy, and o, -
stress tensor components,uy; and u, - displacement vector
components of plane problem (here and further j = 1, 2), w; -
deflection of the plate, M,.; and M,~ bending moments, P, and
P,.;— generalized Kirchhoff shear forces, [f] = f* — f~ (super-
scripts '+ i ‘=" stand for limits of function f as a point of the middle
plane approaches the cracks, y - +0),d, = d/0da.

3. SOLUTION OF PLATE BENDING PROBLEM

We introduce complex potentials (Prusov, 1979) for areas S;
and set them as follows:

®3;(2) = 0 (2) + B,(2) + T,
W,(2) =¥ (2) + B, (2) + T,

where: z = x + iy, i = V-1, Cng) (z) and W3;(z) - holomor-
phic in S; functions, ®,(z) and ¥, (z) - vanished at infinity
functions, which are holomorphic outside the cracks, ' =

MP+MP  ~ MP -MP 2Q;
y X I y X J _ 3
, Q; =Eh® E -

4D, (1+vy)’

T 20,(-vy)' T T 3(1—1/]2-)
elastic modulus, v; — Poisson’s ratio.
Using the functions (Prusov, 1975) Q,(z) = —®,(2) —
= = . . RZ
z®,'(z) —P,(2) and q;gl)(z) — _q)g]) (?) +
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¢>(’)’( )+ ‘P(’)(z>, in which z € S;_;, we can ex-

press the basic formulas of the classical plate bending theory in
the form:

221 + 0P (2) - (@) + 8,2 + i) = G )
(& — DF+2F + 509 (@) + £ @) + 7,8, (2) -
i@ =7, (7)
(%, — DF = ' + 5,8,(2) + f,(2) + £, P (2) —

9@ @ = f, 8)

20+ T+ 3,(2) - fo(2) + 0V (2) — gP(2) = 8,9, (9)

where:
fi@ =(1+2) &) + 2/,
f@) =02 - (z - D (@),

9 z) = f:_jq,gj) (RZ_Z) _ (1 _ g) {q,gj)(z) — 700 (Z)},
9?@ = (1+5) 0P @ + 202" (2) - S{o® (L) -

Z_Cl)gz)'(z)}, z= Tele, K;

=(B+v)/(1- ,-),

g = axWZ + iayWZ,
g~] = —éag ((arW] + iagwj) eie),
fi = 20,{—M, — icj — iH,g — i [ N, (x)d7},

fo = =200, {M, +ic' + iH,, + i, Ny ()dz},

i = 1/(2D]-(1 - vj)), ¢j and &'~ real constants.

If the expansions of function dbgl) (2) and its analytic continu-
ation in a series d>§j)(z) =AY+ Ajz+...(z > 0) and
M (2) = By + Bjz ' +...(z » ) are valid, the conditions
(Prusov, 1975) B} = 0 and B}, = —A}, are fulfilled too.

On account of boundary value problem (1)—(2) and formula
(8), we obtain a linear conjugation problem:

o~ _ +
(73,6 - 0a(0) —
whose solution is:

ﬁl(z) = ’%251(2)- (10)

On the basis of (9), taking into account representation (10)
and boundary conditions (1)—(2), we form the following linear
conjugation problem:

() — D1 (t) = Q1 (), t € Ly.
The solution of this problem is:

(1225131(15) - ﬁl(t))_ =0,t€elL

1) = 5, e,

1 t-z

where Q; (€) = 0, [B,w, + id,w, ]/ (1 + &y).
From the boundary conditions (5) and formula (6). we obtain
one more linear conjugation problem:
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(2P +02®) - (2P0 +0P®) =0l

with the solution:
oM (2) + 0P (2) = -4, (11)
Introducing a function:

ic = (A4; + AA)T + Fi(2) + BV (2),

d(2) = z €S, (12)
2 _ ~

—AA ST + () + EP(2),z € 57,
where: Fy(2) = —Ad:®,(2), F(2) = iIs- ,r%,cb“” @) -
1082, @) = A4 {(1+5) 8, (2) +
R? ~ (R? R?\ =, (R? -~ ,

L0 (2)-(-DROY -z -,

z
Gg=—A/4, A=+ [z iR, AAs = iR, — @R,
AA, = [i, — fi;, with respect to the boundary conditions (3) and
formula (7), we make sure it is a solution of the linear conjugation
problem ®*(t) — ®~(t) = 0 (t € L), which can be written as

&(2) = B + i, A4, (13)
where: B = iAA,B,, B, = ifh t1Q,(t)dt.
On the basis of (11) and (12) with respect to (13), we obtain:
oM (2) = —0P(2) — 4y, z €5},
(@ +ic—BY - (Z+4,)T -
@ (z) = | Ady, 7€ s, (14)
|28 - R0} - g4, 27, e 57,
2 z
where: A, = AA,/A;, A3 = AAs /Ay, As = [i(1+ Ry)/A;.

Since " (0) = Aj, in view of (14), we can write:

_ A
Red) = —
1 —

~ c ~ -
2 (F+1m B,),~ + AsIm A} = GReB,,
A, 4,

Wherezlz = A4 - A3/g, a= A3/g + A4.
From the boundary conditions (1)—(2) and formula (8), we fi-
nally obtain the following integral equations:

22y 2 Wi [Konsc (0, €) + Ly (0, )13l = (15)

521 I Yz N (0, )} = TN,y (§) /M7 + P (£, (16)
where:

V() = Q1Qu (Lt + xJ) /M =Yy (£) + Yiep (D),

i = — 1/(52(1 - vz)), D,=2/(3(1-vd),

*";‘mB( +1-

Pn(§) = -m+

) 2444,
X5H(1-4,)

= —(p+ /(40,1 +v)), B = —(1 - p)/2,
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K (0,§) = __{Vzlk K, $) +/1k {gA4 (1 + ) +
#(d ':‘ZAH) + Qkm [9A4 (_ —Xm ) ng] +

s (K + 2 = ) = 222 (x, - 1) Qﬁm}},

m

kmk(n‘ f) = (Tk - Xm)_ly =1+, 7=-1-4,,
Ty = X + X Xon = X + A&, A = L /R, & = di/R,
p=ML/M2, Ny, &) = Ly, &) — Ky (1, ),

(-4 ) 4
)

Y1 (t), Yy, (t)-real functions, Qir, = 1/ (T Xy, — 1).

Equations (15) and (16) must be solved under the additional
conditions:

[ Ye@ydn = [* Y (dn = 0,k = 1,2, (17)

which assume that rotational displacements and deflection of the
plate have to be single-valued when bypassing the contours of
cracks.

Note that if the crack closure is neglected, the system of sin-
gular integral equations (15)-(17) takes N,, (&) = 0.

Lk (@,8) = — Z_ {_ <K29A4

~ ~ 7 3 2
%2044 Qi [ = Xm = 5=+ Qo (Xim

4. SOLUTION OF PLANE PROBLEM

We introduce Kolosov-Muskhelishvili complex potentials
(Muskhelishvili, 1966) for areas S; and represent them in the form:

q)Pj (2)
where: @, (z), W, (z) - vanished at infinity functions, which are
holomorphic outside the cracks;tbﬁ,j) (2), LP;(,j) (z) - holomorphic
functions in S;. Moreover, at large |z|cI>f,2)(z) = 0(1/2?%) and
Y (2) = 0(1/22).

Similar as the previous chapter, we also introduce the follow-
ing functions (Prusov, 1962):

. . R? R? R? R? R2
o9 (z) = ~59 <7> +Egy (Z > . ( Z>

0,(2) = —®,(2) — 28 (z) — P,(2),2z € S5_;.

= 0P (2) + &, (2), ¥p;(2) = ¥ (2) + ¥, (2),

Then a stress-strain state of the plate is given by the equa-
tions:

Oy + 10,9 = 0P (2) — [ (2) + fi(2), (18)
201309 (uy + ivy) = iz [ 1505, (2) + 7 (2) - A(2)],

Oyy = i0xy = ©p;(2) + £(2) + g5 (@), (20)
20,0, (ux + 1vy) = 1,®p5(2) — f,(2) — 957 (@), ()

where: K;

=@B-v)/(1+v), w= Ej/(2(1 + Vj))-
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shear  modulus, f1(z) =1 +2Z/2)®,(2) —Z/z f,(2),
£(2) = (@) + (z— 2P, (2), functions £ (z) and
g,(,z)(z) can be obtained from expressions for f3(j)(z) and
952 (2) from (7), (9) by replacing index ‘3’ by ‘P".

Formulas (6)—(9) in the bending problem and corresponding
dependencies (18)—(21) in plane problem have the same struc-
ture. The boundary conditions (1)-(5) are also similar for both
problems. Hence, by using the approach from the previous chap-
ter, we find:

O, (2) = (2) =, © gy,

1 t-z

o (2) = —0P(2) - 4p, z €S,

) _ (F1(Z)_B)/A1_A5A';ZES+.
) = { (B—=F,(2))/A,,z€S",

2uz

where: g'(x) = = Z—j(l +Ky),

Ay = % Ly % [(Ai - ;) g'(t) + A, (':73 - 1) g’(t)] dt,

= (1 — A3)71, expressions for B, F,(z), F,(z), A45, AA,,
g, A,(n = 1,4) are obtained from the corresponding expres-
sions for B, F(z), F,(2), AA;, AA,, §, A,(n = 1,4) by the
substitution Q1 (t) = g'(t), ®1(2) » ®1(2), [k =
Ry = Ky, Ay = A, (K =1,2).

In view of the boundary conditions (1)—(2), an unknown de-
rivative of displacement jump across the crack faces g'(x) is
obtained by solving the integral equations:

Y21 J2, Gra D[Ry (0, €) = Suic (0, €)1 = 0, (22)

221 [, Gt (DM (0, €)dn = — TN, (£)/(2M),

at |e] < 1, m = 1,2 and satisfying that displacements have to
be single-valued when bypassing the contour of each crack:

6 [ux + iuy] As

f_ll G,(mdn=0,k=1,2. (24)
Formulas (20)-(22) have the following notations:

Qkm [ 1 1
mk(n,g)_lk{ Komic (1, €) = ‘ngx,:lc {E_(—er

Xin

- kam] + 2Xm [Zka i - XmQ}%m }},

Do

x5 Xm

M (m, €) = Rink(n' &)+ Smi(m, €), Xm =X — 1/ X,

Ak
Smi(m,€) = = {2 (35 + 9A4) = 9A1Qum [ X
74 m hz ’
Ko Quem + Q’;;]}, Gen) =359/ () = Gy O) +

Gy, (), Bg = AsBs (Ag_3 - ), By = Ay + AsBs (Af1 — %3).

5. SUPERPOSITION OF SOLUTIONS

By substituting N, (), which is obtained from (23) into (16),
we get:

Yi=1 f_ll{YkZNmk(n' e+
B1Gir MMy (n, €)}dn =B, (o), lel <1,m=1,2,  (25)

where §; = 2mi/m.

acta mechanica et automatica, vol.14 no.1 (2020)

Satisfying the boundary condition (2) leads to:

Yo (1) = BGri(m), (26)

where: B = — (1 + k,)(1 +v,)/(1 + &,).

Based on the analysis of system of equations (15), (17), (22)-
(24), (25) and (26) we conclude that c, =0, G,(n) =
Y.1(n) =0 (k = 1,2), that is, the solution of the problem is
reduced to a system of singular integral equations, which consists
of the following equation:

Shr [ (BN (n, €) +
BiMmi(n, €3G (m)dn = P (), lel <1, m=1,2,  (27)
and equation (24).

Note that at E; = 0, this system turns into the system of inte-

gral equations from the research by Opanasovych and Slobodyan
(2007).

6. NUMERICAL ANALYSIS

By using the mechanical quadrature method (Panasyuk et al.,
1976), the system of singular integral equations (27), (24) is re-
duced to the following system of linear algebraic equations:

%Zi:l Z%:l Ykm [ﬁNmk (nm: Sr) + ﬁlek (nm' €r)]d77 =
P.(e)ym=1,2,r=1,M—1,

Ym=1Yem(®) =0,k =1,2,
m-1)rn

Wwhere Yiem = v 1- HZGm(’?m), Mm = COS oM & =
Ccos %
The crack-tip stress distribution is given in research by

Panasyuk et al. (1976). Formulas for the reduced moments inten-
sity factors are:

*+ Ki

KM_ = M;OM\/_ =

- 2 m+1+M (1+1) 71 2m-r
B2(1—v2)M =D Yiem cOt am

Where: K; are the bending moment intensity factors (twisting

moment  intensity  factors are  equal to  0);

B =31 +v,)/(3+v,), + and = correspond to tips b; and

a;(i = 1,2), respectively.

hKR
MV

. where KT are the forces in-

Note that reduced forces intensity factors Ky* =

are

related to Kt as Kyt = B, Ky
tensity factors.

The critical value of the moment at which the plate collapses
is calculated by the formula (Osadchuk, 1985):
- MR 7l . -1
mt =2 | = (KB B2)
where: y, is the density of an active surface energy of the plate
material.

Numerical analysis is carried out at v; = v, = 0.3 and
I, =1, =1 The values of i = E,/E, are 0.1, 0.5, 1, 2, 10,
0.001, 1000 for lines labelled by 1, 2, 3, 4, 5, 6, and 7, respective-
ly. In Figures 3 and 4, dashed lines correspond to the case when
crack closure is neglected.

Fig. 2 illustrates the graphical dependence of the reduced
contact force N* = hN /M’ between crack faces on the dimen-
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sionless coordinate ¢ = x;/l atd; =d, =d, e =d/R =1,
A=1/R=08and M?/My = 1.

Graphical dependencies of the reduced moment intensity fac-
tor Ky, on e =d/R fortipsa and b at d, =d, =d, 1 =
[/R = 0.8 and My’ /M;®> = 0.5 are shown in Fig. 3.

Fig. 4 presents the graphical dependence of the reduced criti-
cal moment M on the relative distance from the second crack to
the interface e, =d,/R at A =1/R=0.7, &g =d;/R=1
and My’ /My> = 1.

0.4

1 »
'

0.24 f f f t
-1 -0.5 0 0.5 1 g
Fig. 2. Dependence of the reduced contact force on the distance between
interface and cracks

K A
a 6
1.6--t\/
1
N
1}\f‘i3
CEEEEEEEER
0847 4 — =X 5
s 7
61 ,

1 2 3 4 5 €
Fig. 3. Dependences of the reduced moment intensity factor on ¢ =
d/Rintipa (K;)and b (K3)
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Fig. 4. Dependence of the reduced critical moment on the relative dis-
tance between second crack and interfacial line

7. CONCLUSIONS

The obtained dependencies show that if the inclusion is more
rigid than the plate, the values of reduced contact force, intensity
factors and critical moment are smaller than the corresponding
values in case of a homogeneous plate. The situation is reversed
for the pliable (in comparison with the plate) inclusion. The highest
values are reached for the hole, the minimal ones - for the rigid
plate.

Taking into account the contact of the crack faces leads to a
decrease in the coefficients of the moment intensity and an in-
crease in the ultimate load compared to the case when the con-
tact of the crack faces is not taken into account. Crack closure
consideration leads to decreasing of the moment intensity factors
and to increasing of limit load.
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